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Abstract
Museum displays with audio explanations typically use headphones. A speaker’s sound at one display
interferes with patrons at other displays, thus museums use headphones. These devices are either integrated
into the display itself, or attached to an mp3 player. When integrated into the display, headphones can be
unsanitary; when attached to an mp3 player, these devices are inconvenient. If speakers can direct sound
toward an intended area, headphones can be eliminated. Acoustic horns direct sound toward a specific
point, but require a large spatial footprint. Acoustic spherical concave lenses also direct sound toward a
point, but exhibit excessive acoustic attenuation. Current speakers on the market that focus sound toward
a location are costly compared to headphones. An acoustic gradient index of refraction lens, GRIN lens,
accomplishes sound wave focusing while minimizing attenuation and decreasing material costs compared to
current directive speakers. The goal of this project is to design and optimize a GRIN lens using numerical
simulations in COMSOL Multiphysics and scripts developed in MATLAB. This GRIN lens must direct
sound for museum exhibits; therefore, must operate in the human speech frequency band (300Hz - 3400Hz).
An acoustic test chamber was designed and built in order to test and validate the physical prototype. The
prototype was fabricated using PETG on the MakerGearM2 3D printer. This chamber is 1m length x
1m height x 1m depth and characterizes acoustic radiation pattern vs. azimuth angle (300Hz - 3400Hz)
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An acoustic radiation pattern plots an acoustic source’s intensity, at the far field distance away from the
speaker [1], as a function of the azimuth angle. In this case, the acoustic source is a speaker. If a speaker’s
radiation pattern has a narrow-beamwidth, less than 60° -3dB beamwidth (see section 2.4), the on-axis
intensity is 5x greater than the off-axis [1], see figure 1.2. At low-mid range frequencies (20 Hz - 4kHz),
speaker radiation patterns are omnidirectional (sound evenly distributed throughout the room), while at
frequencies exceeding 4kHz, speaker radiation patterns have a narrow-beamwidth. Omnidirectional waves
tend to spread sound throughout a room causing noise pollution. Museum exhibit speakers play human
speech, 300 Hz – 3400 Hz [2]. Since low-mid range frequencies dictate human speech, and low frequencies
are omnidirectional, sound spreading occurs. Museums opt to use headphones because they create a quieter
environment throughout the museum. A device that reduces sound spreading by directing sound toward
the intended listener reduces the need for headphones in museums, see figure 1.1. There are devices that
currently do this. An acoustic horn focuses sound, but takes up a large spatial footprint. A typical off the
shelf acoustic horn for a 2” driver, GM-450PB, is 17.7” length x 9.8” height x 9.1” depth [3]. An acoustic
spherical convex lens also focuses sound, but attenuates the incident wave 10dB more than a horn or GRIN
lens. The acoustic GRIN lens focuses an acoustic source’s radiation pattern at low-mid range frequencies
with a reduced spatial footprint.
Figure 1.1. Speaker Museum Example [4]
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Figure 1.2. Radiation Pattern
Currently, the Williams College Museum of Art in Hawaii uses the AS-16i, a directional speaker
developed by Holosonics, for one of their exhibits [5]. These speakers cost $1,400. Since museums are
typically non-profit organizations, reducing the cost of a device helps them stay in business. This project
aims to accomplish similar performance at less than $30.
Techniques adapted from work done at Duke University help design the lens [6] [7]. Duke’s GRIN lens
operates in midrange frequencies (2kHz - 5kHz) using DSMSomos 9420 Photopolymer as their material.
This project aims to develop the lens in a lower frequency band (500Hz - 3.4kHz) using PETG plastic, a
material cheaper than DSMSOMOS 9420 Photopolymer. Design milestones and tools are validated against
the work done at Duke University to ensure a valid GRIN lens design.
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1.2 Customer Needs, Specifications and Design Requirements
Museums play speech frequencies, 300 Hz to 3400 Hz [2], for their exhibits. A speaker’s sound at one
display interferes with patrons at other displays, thus museums use headphones. These headphones are
either attached to mp3 player or directly integrated with the exhibit. Headphones integrated with the
exhibits are unsanitary and using an mp3 player is inconvenient. A device which focuses acoustic waves
reduces sound spreading produced by speakers and allows for reduced use of headphones. To do this, the
GRIN lens design must operate in the speech frequency band (300Hz - 3400Hz).
When discussing radiation patterns, a key specification is the directivity index (DI). The directivity
index quantifies an acoustic device’s focusing capabilities. Increased directivity index corresponds to a
focused acoustic beam and less acoustic sound spreading. This specification is measured in a dB scale
by comparing the on-axis pressure to the average of the off-axis pressure. For reference 1dB DI increase
correlates to a -3dB 5° beamwidth decrease. For this project, DI is compared between a speaker with and
without the lens. A 3dB increase in DI signifies a noticeable difference in directional sound [8].
The loudspeaker should play sound at the same volume with or without the lens. To test this, the
sound pressure level is measured with and without the lens. Sound pressure level (SPL) is a dB scale
that compares the measured pressure vs. the standard atmospheric pressure. A typical 3” speaker at, a
4W input power, plays sound at about 86 - 92dB on-axis 1m away. By taking the difference between the
two measurements, SPL with and without the lens, an attenuation specification for signal strength loss is
achieved. This specification should not be greater than 10dB and is measured 1m away from the acoustic
source. 1m is the typical listening distance and 10dB signifies half the perceived volume of the original
signal, see figure 1.3 [9].
The GRIN lens must have a reduced spatial footprint compared to the GM-450PB acoustic horn,
17.7” length x 9.8” height x 9.1” depth, and typical speaker cabinet sizes, see figure 1.4 for dimension
specifications. This ensures that the lens fits within most speakers used at current museums and takes up
a smaller spatial footprint compared to an acoustic horn. The average bookshelf speaker weighs 5-10lb;
the lens should not add more than 2 lb to the existing weight.
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Figure 1.3. SPL to Loudness Perception [9]
(a) Front View (b) Side View
Figure 1.4. Lens Dimensions
11
The focal length, the distance from the lens to the point at which the wave will culminate, must equal,
or be greater than, the focal length determined in the work done at Duke University, 10.3cm [7]. The focal
length indicates the lens can focus acoustic waves. If this specification is similar to Duke’s design, then
the lens can focus acoustic waves similar to pre-exisiting designs.
Table 1.1. Design Specifications and Constraints
Engineering Specification Value Justification
Length1 10”-13”(25.4-33cm) Within cabinet and horn dimensions
Depth 1.5”-2.1”(4cm-5.5cm) ”
Height 3”-6” (7.6-15cm) ”
Distance from lens 4” - 8” (10cm - 20.3cm) ”
Directivity Index (DI) (500 Hz - 3kHz) increase speaker by 3dB
3dB describes a slight audible
difference in sound [8]
Signal Attenuation <10dB
In psychoacoustics, a signal 10dB
less than the original signal is
perceived as half the volume.
Material Cost <$30
Device will fit within speaker
design price point
Focal Length >10.13cm Greater than the lens design in [7]
Weight 1lb - 2lb
Common bookshelf speakers are 5-10lb,
so limit the weight added to this by 2lb.
1please see 1.4 for dimensions notation.
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1.3 Project Scope
The objectives of this project were twofold; develop the acoustic chamber to measure the radiation
pattern and on-axis frequency response of an acoustic source, and design and simulate a GRIN Lens.
On-axis frequency response characterizes a speaker’s sound pressure level, or loudness, as a function of
frequency when the microphone is directly in front of the speaker.
Test Chamber:
1. Measure the radiation pattern of speakers (300Hz - 3400Hz)
2. Measure the on-axis frequency response (300Hz - 10kHz) of speakers
GRIN Lens:
1. Achieve a 3dB increase in Directivity Index with the lens vs. without the lens from 500Hz - 3kHz.
2. Achieve a signal attenuation specification less than 10dB
3. Achieve a focal length greater than 10.3cm
4. Keep dimensions within the specified dimensions, figure 1.4
5. Build and validate the physical prototype in the acoustic chamber
To achieve these goals, milestones were created to track progress. These milestones are outlined in a
flowchart, figure 7.1. These flowcharts dictate the progress and milestones achieved throughout the project.
The development of the test chamber began 1 year ago with a group of student, while the GRIN lens design
began at the beginning of senior year.
The flowcharts below depict an overview of both objectives. The acoustic test chamber took 2 years
to complete and was primarily built by a ground of 6 students from different departments; electrical
engineering, mechanical engineering, computer science. The GRIN lens simulation and design took 1 year,
but was unable to be tested and validated due to COVID-19.
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(a) GRIN Lens (b) Acoustic Test Chamber
Figure 1.5. Project Flowcharts
The red indicates incomplete, while the green indicates complete. CPConnect awarded funding for the
project and development of the test chamber in a sum of $5,300. This money was used to buy equipment
for the test chamber, bill of materials in appendix A.
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2 Introduction to Acoustics
Acoustics is the study of sound through solids, gases, and liquids. Sound is a disturbance propagated
through an elastic material which causes an alteration in pressure, or displacement of air particles. The
displacement of air particles creates a longitudinal wave that travels at a velocity. The measurable aspects
of sound waves are particle velocity and particle pressure.
2.1 Fundamental Parameters of Acoustics
Effective volume velocity is the rate of flow of particles through the medium perpendicularly through
a specified area, measured in meters per second. In terms of acoustics, sound pressure is the variation of
pressure with respect to ambient pressure. Just as current is the flow of electrons, effective volume velocity
is the flow of air particles; likewise, pressure is analogous to voltage in the electrical domain. Absolute









where Zai r is acoustic impedance of air, defined in a later section, and p is sound pressure. SPL (sound
pressure level) defines the log ratio of pressure measured over the reference pressure:
SPL = 20log10( p
pr e f
) (2.2)
SPL quantifies how loud an acoustic wave is at a particular point. pr e f is the reference pressure, in the
US pr e f = 2∗10−5Pa, while p is the measured pressure at a location in space. Figure 2.1 is an example
of a time varying sound pressure wave. Acoustic engineers typically measure this wave at a specific point
in space using a microphone. The pressure from one location to another changes in space due to two
fundamental material properties: bulk modulus and density.
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Figure 2.1. Time Varying Sound Pressure Wave [10]
Bulk modulus measures a material’s ability to resist compression. It is similar to young’s modulus,
being a ratio of stress over strain. Mass density is a material’s mass per unit volume. The formal definition
of bulk modulus (K) and mass density (ρ) are [11]:
K =−V d p
dV
[Pa] (2.3)








where p is the pressure applied to a material, V is the material volume, and F is the force applied. The
greater the bulk modulus, the less compressible a material is, and the greater the density, the heavier the
material is. Table 2.1 lists a table of materials for context. Air allows sound to propagate through with
minimal resistance because it is light and highly compressible. Other materials, such as stainless steel,
attenuate incoming sound because these materials have a high bulk modulus and density.
Table 2.1. Density and Bulk Modulus of Materials [11]
Material Density ( kgm3 ) Bulk Modulus (GPa)
Air 1.23 0.10
ABS (Plastic) 1050 2.59
Aluminum 2570 68.00
Stainless Steel 8000 163.00
Brass 8730 108.00
DSMSomos 9420 1130 0.85
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2.2 The Acoustic Wave








Both an acoustic plane wave and spherical monopole solve the wave equation. These two functions yield
travelling wave results which propagate in a medium. c2 represents the speed of sound squared. The speed
of sound is the distance travelled per unit time by a sound wave as it travels through an elastic medium.






vp is the propagation velocity (speed of sound). Appendix B.2 derives this equation. For air, the speed of
sound is about 343 ms . The speed of sound is analogous to the speed of light, where the speed of light is




Both the speed of sound and speed of light are derived from a wave equation, and both dictate how fast
a wave propagates through a medium. To change the speed of sound, one must change the acoustic bulk
modulus and density of a material.
Acoustic impedance is defined as the complex ratio of sound pressure, averaged over a surface, and the
volume velocity. Acoustic impedance is measured in rayls, where 1r ayl = 1kg s ∗m2. This surface may be
a hypothetical surface in an acoustic medium, or a mechanical surface such as a wall. The relationship of








where p is pressure and U is volume velocity. The intrinsic acoustic impedance of air is 420 rayls. This
intrinsic acoustic impedance is calculated using bulk modulus and mass density, similar to how permittivity
and permeability dictate the intrinsic impedance of an electrical medium. The acoustic impedance of a







Relative acoustic impedance is the important parameter to analyze throughout the project. Relative





where Zr e f is the acoustic impedance of the reference material. This means the relative effective acoustic
impedance is dimensionless. Zr el is proportional to the material’s attenuation specification. This concept
is similar to transmission line matching in electrical engineering. Maximum acoustic power transfer occurs
when the impedance of one medium matches the impedance of another medium. For the purposes of this
project, the lens’s acoustic impedance must match the acoustic impedance of air to minimize acoustic wave
attenuation through the lens. This means that Zr el needs to be close to 1.
Table 2.2 displays a summary of electrical and acoustic parameters discussed throughout the section.
Electrical and acoustic equations are provided to help bridge the analogies further.
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Table 2.2. Electrical and Acoustical Engineering Parameters
Electrical Acoustics Electrical Equation Acoustic Equation
V (voltage) p (pressure)
I (current) U (velocity)
L (inductance) m (mass) V = L did t F = ma = m dud t
C (capacitance) 1k (compliance) V = 1C
∫
i (t )d t F = kx = k ∫ u(t )d t2
ϵ (permittivity) ρ (mass density)
µ (permeability) 1K (inverse of bulk modulus)
Zelec Zac Zelec = VI Zac =
p
U






2.3 Transmission and Reflection Coefficients
Transmission and Reflection coefficients describe the effects of an acoustic wave travelling from one
medium into another. In figure 2.2, an incident plane wave propagates left to right. The plane wave
propagates through medium 1 into medium 2 normal to the surface boundary (line at x = 0). Due to a
change in medium, reflected and transmitted pressure waves are created. From these pressure waves, the







2Hooke’s law is positive in this table because magnitude is only observed. The restoring force is the same, but the direction,
x, is typically opposite to the restoring force
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Figure 2.2. Transmitted and Reflected Wave for an Incident Plane Wave
where pr, pi, and pt are complex numbers that indicate magnitude and phase for a pressure value at point
x. By determining the transmission and reflection coefficients of a system, the effective bulk modulus
and density are determined in medium 2. This process is discussed in section 4, but is similar to the
Nicolson - Ross - Weir (NRW) algorithm [13] in electromagnetism to estimate the effective permittivity
and permeability of a material.
2.4 Acoustic Radiation/Directivity Index
Recall from section 1 that radiation patterns analyze the focusing capabilities of an acoustic source,
figure 2.3. These plotted patterns use pressure recorded in an arc. Polar plot radiation patterns use a dB
scale comparing the off axis pressure vs. on axis pressure (pax):
nor mal i zed pr essur e = 20log10(




Figure 2.3. On-Axis Directivity Plot Example
Directivity index (DI) quantifies the focusing capabilities of an acoustic device: loudspeaker driver, lens,
or horn. DI is defined as the on axis-sound intensity, intensity at 0°, at a certain distance away from the
speaker, r, divided by the summation of the off axis-sound intensity at the same distance, r. The greater
the DI, the narrower the acoustic beamwidth becomes. Typically, 1dB DI increase correlates to a -3dB 5°
beamwidth decrease. The greater the frequency, the narrower the radiation pattern is and the greater the
directivity index [1], see figure 2.4.
D I ( f ) = 10log10(Q( f )) (2.16)







where pax is the on axis pressure, and p(θn) is the pressure measured at specific angles. DI(f) is the
directivity index in dB, Q(f) is the directivity factor, and θn is the angle of the arc. The middle black line
in figure 2.3 shows the on-axis path of the loudspeaker. Since the pressure is highest on-axis, the graph
reads 0dB for each pattern. As the angle varies, the values for the radiation pattern plot become negative
because the pressure off axis is always referenced to the on axis pressure. Figure 2.43shows more examples
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of radiation plots for a 12” transducer. At around 3000 Hz, the beamwidth is considered narrow because
the -3dB beamwidth is 60°.
Figure 2.4. Beranek Radiation Patterns [1]
The main goals of the project, from an acoustics standpoint, are:
1. Match the acoustic impedance of the lens to air (Zr el = 1) to minimize attenuation.
2. Change the lens’s bulk modulus and mass density to change the speed of sound throughout the lens.
By accomplishing these two steps, the lens will focus, and not attenuate, the incident wave.
3CPS stands for cycles per second which is frequency
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3 Introduction to GRIN Theory
GRIN theory, or gradient index of refraction theory, is a branch of optics revolving around varying the
index of refraction of a medium. This kind of media is often present in nature. The simplest example is the
lens of a human eye. The refractive index of the eye lens varies from about 1.406 in the center to 1.386 in
the dense layers. This allows the eye to image with good resolution. The goal for this project is to utilize
some of these techniques to create an acoustic lens.
3.1 GRIN Theory and Optics Introduction





where co is the speed of sound of the background medium and vp is the propagation velocity of the material
the wave travels through. The greater the index of refraction is, the lower the propagation velocity through
the material. A traditional spherical lens varies the geometry with constant index of refraction. There are
two ways to understand how these lenses work: ray optics and wave optics. Figure 3.1 is a diagram which
explains wave fronts vs. rays4.
Figure 3.1. Ray and Wave Theory [14]
4acoustics uses similar representations of rays and waves as light
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For ray optics, Fermat’s principle of least time explains the focusing effect. This principle states that
light rays will take the path of least time to get to a point. Based on the geometry, these light rays tend
to bend toward the center to achieve a path of least time. Furthermore, Snell’s law proves the rays bend
when the index of refraction from one medium to another changes. The main goal is to understand that
the lens’s geometry, thin on the outer edges and thick in the middle, and constant index of refraction create
the focusing effect, figure 3.2a. A GRIN lens operates on a similar principle, except the outer dimensions
are constant and the index of refraction is changing. The light rays must take the path of least time to get
to the point. Within the GRIN medium, the fastest way to do that is to bend toward the middle, similar
to a spherical convex lens. One final way to understand ray theory for a GRIN lens is Snell’s law. based
on Snell’s law n1si n(θ1) = n2si n(θ2), rays will bend toward the higher index of refraction, thus a GRIN lens
operates on this principle as well, figure 3.2b.
(a) Traditional Spherical Convex Lens (b) Generalized GRIN Lens
Figure 3.2. Ray Theory Lenses
For a wave theory approach, the phase shift throughout the lens is looked at. The incident wavefront
travelling through the thinner part of the lens propagates faster compared to the thicker part of the
lens. This difference in speed causes a phase shift throughout the lens. This phase shift breaks the wave
causing it to curve as seen in figure 3.3a. This incident wave converges at the focal point. An incident
wave propagates through a lens with constant geometry at the same speed throughout the lens. But by
introducing a gradient index of refraction transverse to the incident wave, the incident wave propagates
through the lens at different speeds. By having a smaller index of refraction at the sides, the wave
propagates faster similar to the convex lens, figure 3.3b.
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(a) Traditional Spherical Convex Lens (b) Generalized GRIN Lens
Figure 3.3. Wave Theory Lenses
Figure 3.4. Generalized GRIN Lens
In figure 3.4, lens length, lens depth, and x f are the length, depth, and focal length, respectively. The
red outline is the outer dimension of the GRIN lens and the black rectangles are discretized rows. These
discretized rows vary the index of refraction from 1 to 2.
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3.2 Discretized Rows and Focal Length
The index of refraction at each row within the discretized GRIN medium varies as a function with
respect to the y axis, refer to figure 3.4 for the coordinate system. The best choice for this function, or
transverse gradient, is a hyperbolic secant [7]. This transverse gradient profile for the index of refraction,
n, focuses acoustic waves with no aberration5[15]. The transverse gradient along the y axis is:







where no , α, h and nh are the index of refraction at y = 0, gradient parameter, half length of the lens, and
index of refraction at the edge of the lens (in this case, it is the index of refraction of air), respectively.
This transverse gradient function is a continuous function and cannot be realized experimentally, thus the
function is discretized within the lens. Figure 3.5 represents a discretized GRIN lens with respect to the
secant pattern. The index of refraction goes from n = 1 to n = 2. These black rectangles represent rows
which are designed to match the index of refraction secant pattern. Row design is discussed in section 4.
5aberration refers to multiple focal points
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Figure 3.5. Discretized Secant Pattern
In acoustics, focal length measures how strongly acoustic waves converge to the focal point. A greater
focal length indicates a greater directivity index and better focusing capabilities. The goal is to quantify the
expected focal length of the lens using the outer dimensions and the transverse gradient index of refraction
pattern. Using ray theory, the beam trajectory inside the GRIN medium is [15]:
y(x) = 1
α
si nh−1[uo H f (x)+ u̇o Ha(x)] (3.4)
y(x) maps out the beams trajectory path, with respect to the x coordinate, within the GRIN medium
for a hyperbolic secant, n(y), transverse gradient profile. This beam trajectory equation helps derive the
expected focal length of the GRIN lens. To understand which parameters affect the focal length, further
analysis of the beam trajectory equation need to be discussed, specifically what the terms within the
equation represent. u(y) or uo represent a transformation of the Cartesian coordinate y into a hyperbolic
coordinate with respect to sinh. The full derivation for these parameters are in appendix B.1 [15]:
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The other part of the equation describes the position and slope of the axial and field rays6. More details
in appendix B.1.
Ha(x) = αxα H f (x) = cos(αx)
Ḣa = cos(αx) Ḣ f =−αsi n(αx)
(3.7)








ẏ(d) = uo Ḣ f (x)+ u̇o Ḣa(x)
αcosh(si nh−1(uo H f (x)+ u̇o Ha(x)))
(3.9)
Equation 3.8 represents the predicted focal length of the lens based on the depth of the lens. The length
of the lens dictates the α parameter; therefore, the outer lens dimensions, length and depth, dictate the
focal length of the lens. The focal length is solved using the spatial constraints discussed in section 1. The
goal is to maximize the focal length within the spatial footprint constraint. Figure 3.6 visualizes the beam
trajectory. The incident rays should culminate at a point which is located at a focal length away from the
lens.
6axial and field rays are acoustic rays that travel along the optical axis (x-axis) and transverse of the optical rays respec-
tively.
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y-axis vs. x-axis (Beam Trajectory of Lens)
Figure 3.6. Beam Trajectory
The main goals of the project, from a lens theory standpoint, are:
1. Calculate the lens’s expected focal length using spatial design constraints.
2. Determine the gradient index of refraction profile.




Two were options to design the lens: numerically using Finite Element Analysis (FEA) simulations, or
analytically using solid state physics theory. Both options were explored, but ultimately, numerical FEA
simulations proved to be a simpler method. The solid state physics approach utilizes the theory of phonons
and changing the size of the band gap between rows, or unit cells, this terminology will be discussed later.
This process is discussed in [16] and [17]. FEA simulations saved time because the method was easier to
implement. All simulations were done at Jabil in San Jose. Due to COVID-19, bandwidth of the lens and
attenuation simulations were not performed.
4.1 Design Process Summary
The design process utilizes Finite Element Analysis (FEA) simulations, and MATLAB scripts to
determine the optimal lens dimensions for manufacturing and performance. The lens design process uses
three steps:
1. Determine the focal length and number of rows given the dimension constraints listed in table 1.1.
2. Dimension each row to have an index of refraction that matches the discretized secant pattern.
3. Simulate the lens to determine the radiation pattern and directivity index.
Step 1 determines the lens’s outer dimensions (length and depth) and the expected focal length. Step 2
determines the row dimensions in order to achieve a transverse hyperbolic secant pattern. Step 3 determines
the acoustic performance of the final lens designed.
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4.2 Terminology
1. Rows and Columns:
Figure 4.1. Rows and Columns Definitions
2. Unit Cell/Pillar: In figure 4.2, the dotted lines represent the unit cell. The unit cell box is comprised
of the background medium (air) along with a solid, in this case plastic. This dimension, or box,
dictates the amount of rows. For example, if the lens length is 30 cm, and the unit cell is 1 cm, then
the number of rows allowed is 30 rows. The term, pillars, describes the cross shape with dimensions
a and b.
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Figure 4.2. Unit Cell [7]
3. COMSOL Multiphysics: COMSOL is an FEA based simulation software designed to simulate multiple
physics disciplines. Since simulations are done in the acoustic domain, and the lens is a physical
device with structural dynamics, multiphysics is required. The COMSOL acoustic package is used to
simulate wave propagation while the structural dynamics package is used to simulate the structural
dynamics of the lens.
4. Perfectly Match Layer (PML): a numerical boundary that eliminates wall reflections within the
simulation environment. This topic is discussed in depth in section 4.4.
5. Effective bulk modulus (Ke f f ) and density (ρe f f ): Effective parameters are referenced to air. These
parameters are dimensionless.
4.3 Focal Length and Outer Lens Dimensions
The first step in the design is to create a tool which calculates the focal length based off of the constraints
in table 1.1.
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The lens must fit within the dimension constraints and have a focal length greater than or equal to
10.13cm7. A MATLAB script utilizes equations 3.2 - 3.9 to estimate the focal length of the lens for a set
of given dimensions. The lens design uses a hyperbolic secant index of refraction pattern from n = 1 - 2.
Table 4.2 are the final dimensions of the lens which yield a focal length greater than 10.13cm. This number
indicates that the lens will focus the acoustic wave.






The focal length script assumes that the lenses hyperbolic secant index of refraction function is continuous.
In practice, this function is discretized such that corresponding rows equal certain index of refraction points,
see figure 4.3. To determine the number of rows needed in the final lens design, a separate script predicts
discretization convergence. The script calculates the focal length based on the number of rows in the lens,
i.e. how discretized the secant pattern is 4.3. Once the percent error between the discretized pattern and
continuous pattern is under 1%, then that is the number of rows that needs to be used. Figure 4.4 graphs
the focal length vs. number of rows. Around 25 rows achieves a percent error under 1%, thus 25 rows is
used for the design. By dividing the length and the number of rows, the unit cell size, or max size per row,
is around 1.3cm.
7A higher than or equal focal length compared to [7]
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Figure 4.3. Discretized Hyperbolic Secant Pattern
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xf vs. number of GRIN lens rows
Discretization
Continuous
Figure 4.4. Focal Length vs. Number of Rows
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From determining the focal length of the lens, the outer lens dimension, unit cell size, and number of
rows is determined. The goal now is to design each row such that they match each index of refraction
specified by the discretized pattern, figure 4.5. Each white block represents a row that is designed to
achieve a certain index of refraction.
Figure 4.5. Lens Index of Refraction Discretized Pattern
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4.4 Index of Refraction Row Design
Based on the outer dimensions, number of rows, index of refraction secant pattern, and the unit cell
dimensions from the focal length scripts, the index of refraction for each row is derived. As discussed in
section 2, bulk modulus and density are used to change the speed of sound, which in turn, changes the
index of refraction. By changing the unit cell’s pillars dimensions, a and b, in each row, the effective bulk
modulus and density of the row will change. Once the effective bulk modulus and density are calculated
for a specific pillar and unit cell combination, the index of refraction is calculated.
To extract the effective bulk modulus and density from a unit cell, the transmission and reflection (T
& R) coefficient are calculated for each unit cell, see section 2.3. Figure 4.6 is the simulation model used
to derive the T & R coefficients for a specific unit cell. An incident plane wave propagates left to right,
boundary a measures the incident and reflected pressure values, and boundary b measures the transmitted
pressure values. These boundaries are the edges of the unit cell. The pillar’s geometry, the white cross
shape, is adjusted to change the T & R coefficients. The color represents the total acoustic field where
red indicates high pressure and blue low pressure. The two rectangles on the left and right side are PML
layers.
Figure 4.6. Transmission and Reflection Coefficient Simulation
It has been shown [18] that one unit cell in the propagation direction accurately solves the effective
parameters of a row. Meaning, the row may consist of multiple unit cells, but only one unit cell must
be simulated to obtain the index of refraction and acoustic impedance for that row. To determine the
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effective parameters, a MATLAB script calculates the effective bulk modulus, density, index of refraction,
and acoustic impedance for a set of T & R coefficients using the equations [19]:
n = acos(
1








(1−R)2 −T 2 (4.2)
ρe f f = Z n (4.3)




In equation 4.1, k represents the wave number and m represents a constant. For the purposes of this
project k = 2πλ and m = 0 [19].
Both tools are validated against a design Duke University did [6]. By simulating the unit cell and pillar
in Duke’s experiment [6], the effective bulk modulus and density are compared between the paper and
the model created. The average percent error for both effective density and bulk modulus are within 5%.
This minimal percent difference reassures that the implementation of both the COMSOL simulation and
MATLAB script are functional. Figure 4.8 and 4.9 illustrate the similarities between the paper and the
simulation performed.
Figure 4.7. Duke’s Unit Cell for Simulated Verification
37























































Figure 4.8. Simulated Transmission and Reflection Coefficient




























Magnitude vs. Freq: Effective Relative Bulk Modulus Sample A
K eff real Simulation
K eff imaginary Simulation
K eff real paper
K eff imaginary paper





























Magnitude vs. Freq: Effective Relative Mass Density Sample A
p eff real Simulation
p eff imaginary Simulation
p eff real paper
p eff imaginary paper
Figure 4.9. Simulated Effective Bulk Modulus and Mass Density
38
These tools help design the lens at 2kHz for the human speech frequency band. Changing the pillar
dimensions within the unit cell achieve different index of refraction (n) values. Based on the discretized
secant pattern, each row must achieve a different index of refraction value; therefore each pillar must have
a different dimension, figure 4.10. For the sake of simplicity, pillar dimension b is constant at 1mm, while
dimension a varies from 1mm to the largest size without exceeding the unit cell boundaries, in this case
6.2mm. PETG (1.23g/cm3 and a 2.1GPa) is used as the simulation material for each pillar. To begin this
process, the middle row’s pillar dimensions must achieve an index of refraction value of around 2 to match
the hyperbolic secant gradient profile. The simulated maximum value for n is 1.97 and is obtained for a =
6.2 mm at 2.3kHz. Figure 4.11 explores the pillar’s (a = 6.2 mm and b = 1mm) frequency behavior. The
index of refraction is constant, within 5% of n = 1.97 for up to 3kHz. Although the index of refraction was
constant, the relative acoustic impedance was not within 5% of nominal, Z at 2.3kHz. These results indicate
that the lens focuses from 500Hz - 3kHz, but may attenuate the wave at higher frequencies. Attenuation
values are unknown currently.
Figure 4.10. Simulated Pillar Dimensions and Lens Profile
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) Effective index of refraction vs. Frequency
n eff Simulation
n upper 5% bound
 n lower 5% bound

























) Effective Acoustic Impedance vs. Frequency
Z eff Simulation
Z upper 5% bound
 Z lower 5% bound
Figure 4.11. Simulated Broadband Effective Parameters Middle Row
The same process was done for the outer row, n = 1. Figure 4.12 shows the results of using the pillar
dimensions: a = 1.1mm and b = 1mm. The index of refraction is constant, within 5% of n = 1.007 for
up to 3kHz. The effective Acoustic Impedance also yields constant results. These two results, frequency
dependency for the middle and outer row, indicate that the lens operates from 500 Hz to 3kHz.
























) Effective index of refraction vs. Frequency
n eff Simulation
n upper 5% bound
 n lower 5% bound
























) Effective Acoustic Impedance vs. Frequency
Z eff Simulation
Z upper 5% bound
 Z lower 5% bound
Figure 4.12. Simulated Broadband Effective Parameters Outer Row
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A sweep of pillar dimension a is used to determine the rest of the dimensions that correspond to different
index of refraction values. Figure 4.13 graphs the parametric sweep at 2.3kHz, while figure 4.14 graphs the
parametric sweep with respect to the discretized hyperbolic secant values. The pillar dimensions that line
up with each red line are used as the final design dimensions.
When the pillar dimension is larger, the relative acoustic impedance is greater; this causes a higher
attenuation specification. See figure 4.13 for a numerical comparison between pillar dimension and relative
acoustic impedance. The Zr el specification is, at max, 2.5 which indicates a low attenuation specification.
Unfortunately, the full attenuation specification could not be simulated due to COVID-19. Table 4.3
summarizes the pillar dimensions for each row and the corresponding index of refraction value/relative
acoustic impedance that achieve the hyperbolic secant profile. Row 0 is the middle row while row 12 is the
outer row.
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6


























) Effective index of refraction
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
























) Effective Relative Acoustic Impedance
Figure 4.13. Simulated Index of Refraction and Relative Acoustic Impedance Pillar Dimensions at 2.3kHz
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Figure 4.14. Simulated Pillar Dimensions and Index of Refraction Profile at 2.3kHz
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Table 4.3. Lens Row Summary b = 1mm
Row a dimension (mm) Zr el Index of Refraction (n)
0 6.20 2.46 1.97
1 6.19 2.43 1.95
2 6.17 2.38 1.92
3 6.14 2.31 1.87
4 6.08 2.20 1.80
5 5.99 2.07 1.71
6 5.85 1.93 1.61
7 5.65 1.78 1.51
8 5.35 1.64 1.41
9 4.85 1.48 1.30
10 4.10 1.32 1.20
11 2.90 1.16 1.10
12 1.10 1.00 1.01
4.5 Radiation Pattern Simulations
The final lens design utilizes the pillar dimensions in table 4.3. In figure 4.15, a plane wave propagates
normal to the lens from the rectangle sound source. The model uses PML layers, the outer rectangles,
to ensure no outer wall reflections. The dots represent points at which pressure measurements are taken.
Each dot is separated by 5°. These pressure values are plotted as a polar pattern in MATLAB to determine
the radiation pattern of the sound source from -90° to 90°. The sound source’s radiation pattern with and
without the lens is recorded. The lens is placed 35cm away from the surface of the sound source to ensure
a focusing effect. The resultant radiation pattern of the sound source with and without the lens, figure
4.19, indicates a narrower beam-width compared to the test without the lens by 15°.
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Radiation Pattern With and W/o Lens
W/o Lens
W/ Lens
Figure 4.16. Radiation Pattern Simulation using a 2.3kHz Plane Wave
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The radiation pattern with the lens has a main lobe 15° narrower compared to no lens. Sidelobes are
present in the final design, but the mainlobe’s intensity is 9x greater than these sidelobes. The directivity
index increases about 3.4 dB with the lens compared to without the lens. Also note that this simulation
uses a plane wave, thus the radiation pattern of a 2.3kHz wave is not the same as a real world speaker.
The source should be a monopole, but to be consistent with the work done at Duke, a plane wave is used.
The beam width became narrower by 25° with the lens. A qualitative test must be performed to fully
understand the effect of this new radiation pattern [8].




COMSOL provides heat maps that represent absolute pressure radiation in a room. In figure 4.17 blue
represents low pressure intensity, light blue represents medium pressure intensity, and bright red represents
high pressure intensity. The lens creates a higher intensity beam on-axis 4.17b compared to no lens in 4.17a.
Furthermore, high pressure spots between the lens and sound source represent a standing wave between
the two objects. This standing wave pattern is due to the lens reflecting part of the incident wave back
into the sound source due to an impedance mismatch. Ultimately, there is some pressure intensity loss
caused by the lens.
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(a) Radiation Pattern No Lens
(b) Radiation Pattern With Lens
Figure 4.17. Radiation Pattern Simulation using a 2.3kHz Plane Wave
The lens distance from the sound source impacts the spatial footprint. Currently, the lens increases
the directivity index by 3.4dB at 35cm away from the sound sources front plate. Recall figure 1.4 had a
dimension for distance from the driver. The lens needs distance from the driver to create a focusing effect.























Figure 4.18. Radiation Pattern Simulations Varying Distance from Lens using a 2.3kHz Plane Wave
Table 4.5. Simulated Directivity Index at Different Distances
Configuration DI (dB) DI Comparison (dB)
Lens @ 35cm 7.00 +3.37
Lens @ 30cm 6.75 +3.12
Lens @ 20cm 5.82 +2.29
No Lens 3.63 —
The lens 20cm away has a mainlobe 6° wider compared to the lens at 35cm away. This wider mainlobe
causes the DI to decrease as the lens moves closer to the sound source. To design a specific system, trade
offs between lens position and performance must be made. Any position less than 30cm, means that the
3dB increase could not be achieved. The M-450PB acoustic horn has a 9.1” Depth (23cm). Therefore,
the lens distance is greater than the horn’s depth. Further optimization work must be done to achieve all
specifications, but due to COVID-19, this work could not be performed. Section 6 discusses further ways
to improve performance by utilizing the empty space between the lens and acoustic source.
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4.6 Final Design Results
The full design specifications are outlined in table 4.6. To summarize, the focal length scripts determine
the focal length, height, length, and depth, section 4.3. COMSOL and MATLAB scripts determine the
signal attenuation, and directivity index, section 4.4 and 4.5. Weight was determined by multiplying the
GRIN lens’s volume with PETG’s density. Cost was estimated based on the devices volume and expected
manufacturing material, discussed in section 5. The lens design accomplishes a narrower mainlobe, by 15°,
and a 3.4dB increase in directivity index. Lens dimensions are all in spec other than the distance from
lens specification.
Table 4.6. Design Specifications
Engineering Specification Value Justification
Length 12.8” (32.5cm) Focal length scripts, see section 4.3
Depth 2.0” (5.2cm) ”
Height 3.0” (7.6cm) ”
Distance from lens 13.8” (35cm)
Based on acoustic specifications,
see section 4.5




Could not be performed
due to COVID-19 shut down,
simulation services in San Jose
Cost $23
Estimated based on cost of material
and volume of lens
Focal Length 14.6cm
Using equations 3.2 - 3.9
see section 4.3
Weight 1.6 lb
Estimated based on volume and
material density
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Figure 4.19. CAD Model of Final Design
Directivity index alone cannot solely quantify the focusing capabilities of this device. A qualitative
analysis must be performed to understand the true focusing capabilities. This study involves placing a test
group in a room to listen to a speaker with and without the lens. This was not accomplished during the
project but is a topic for future work. The lens focuses the incident wave and accomplishes the directivity
index specification, but must be placed a certain distance away from the acoustic sound source.
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5 GRIN Lens Testing
A group of students at Cal Poly developed an acoustic test chamber using funding from CPConnect.
This test chamber utilizes a microphone positioner and audio DSP analysis techniques adapted from [23].
Manufacturing, DSP techniques, and the physical test chamber are discussed throughout this section.
Unfortunately, the lens was not tested due to the COVID-19. This testing setup is in the RF lab, 20-116,
but needs verification using industry standard equipment.
5.1 Manufacturing
The MakerGearM2 3D printer printed the GRIN lens using Polyethylene terephthalate (PETG). This
printer has a tolerance specification of ±0.2mm, meaning that each pillar is built within ±0.2mm of the
nominal value. PETG has a density of 1.23g/cm3 and a bulk modulus of 2.1GPa. The pillar dimensions are
simulated at the extremes of this tolerance specification to determine the effect of 3D printing. The direc-
tivity index was within 0.1dB from the nominal value. manufacturing tolerances impact the performance
of the lens, but by an insignificant margin. The lens still achieves the 3dB DI improvement regardless of
the slight tolerance difference.
When printing the lens, the height of the lens becomes a problem. The small outer row pillars, about
1mm in width, break if the print height becomes too high. Because the driver used to test the device is 3”
tall, the lens must be at least 3” tall. Printing the lens at 7” yielded a failed print, figure 5.1. The outer
pillars broke about half way. This means that the maximum height dimension is 3.5”. The new print has
a height of 3.3” which is greater than the speaker driver diameter.
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Figure 5.1. Failed Print
The final product dimensions were all within the expected values listed in section 4, figure 5.2 and
5.3. The brittle outer row pillars could break if not handled properly. Creating a lens out of metal would
create a stiffer device, but prototyping would cost at least $60 more. The small printing plate forced the
device to be two parts. The lens must be secure when tested due to the two parts. The prototype printed
as expected, but performance characterization could not happen due to COVID-19. This device costed
around $23 to manufacture based on the material costs alone.
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Figure 5.2. GRIN Lens Isometric view
Figure 5.3. GRIN Lens Top Down
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5.2 Testing Setup
A test chamber was developed and funded by CPConnect to test the device. Using two platforms, X and
Y, a microphone positioner takes pressure measurements of a speaker in an arc. To develop this microphone
positioner a team of students helped with the project. Appendix A has the list of contributors to the project.
The test chamber used rail X, to move the microphone, while rail Y moved the speaker. Pressure data
within a 0.5m arc is acquired by moving both the speaker and microphone at specific positions. The NI9401
data acquisition system processes the pressure data recorded by the microphone. The digital module, NI
9263, waits for a digital input to trigger the microphone to record data when the platforms settle into
positions in the arc. An Arduino UNO controls the timing and movement of the platforms. The Arduino
UNO uses an external CNC shield with DRV8825 motor drivers to control stepper motors. These stepper
motors position the the X and Y platforms.
When the X and Y platforms settle into a position, the Arduino UNO outputs a square wave pulse to
the NI 9263 module. This square wave triggers the NI 9401 DAQ to collect pressure and the speaker to
play the stimulus. 2 buttons were installed to signify that the rails reached the final location. The total
size of this chamber was 1m x 1m x 1m. Figure 5.4 and table 5.1 summarize the components used in this
test environment.
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Figure 5.4. Testing Block Diagram
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Table 5.1. Testing Block Diagram Description
Block Specification Purpose Part number
Microcontroller Power: 10.5V, 0.2A
Microcontroller in order to
control the motor rails
and dictate when to take data
using digital pulses






Processes Data from NI













microphone and sends data






Reads digital pulses from microcontroller.
From when the pulse was sent, the




FR: 3.15 - 20kHz
Diameter: ½”
Collects Pressure Data




Full Range Diameter: 3”
Impedance: 4 Ohm
Output Chirp and/or single
tone test for directivity test
GRS 3FR-4
Power Supply ±5V Powers Arduino to move motors Agilent
Audio Amplifier Power Rating: 300 Watt Amplifies Audio signal from audio interface GX3 - 300 Watt




Used to move rails Nema 17
Rails Used to position mic and spkr Custom Made
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Figure 5.5. Test Chamber Side View
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5.3 Radiation Patterns Measurement
This system measures the radiation patterns of speakers from 300 Hz to 3400Hz, but has not been
fully validated yet. To validate the system, data must be compared to industry standard equipment. To
measure radiation patterns, the microphone and speaker positioners move to record an arc of pressure data.
This arc of pressure data is plotted in MATLAB. The X rail, defined in figure 5.6, moves the microphone,
while the Y rail moves the speaker and GRIN lens. These rails move the platforms to specific positions to
measure pressure in an arc. The arc’s maximum radius is 0.5m, and minimum radius is 0.3m. The arrow
directions in figure 5.6 indicate the platform movement. The Y rail moves up and down depending on the
location of the X rail.
Figure 5.6. Top Down of Test Chamber
The GRS 3FR-4 speaker’s radiation pattern was recorded at 1kHz in a 0.3m arc radius to characterize
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the performance of the equipment. The test took place in two environments; a small space with foam, and
an open area. The open area had less reflections due to walls being further away. The radiation pattern
of the speaker was recorded at 1kHz in these two different locations. Figure 5.7a illustrates the radiation
pattern in an open space, while figure 5.7b illustrates the radiation pattern in a small space. The open
space was in an open area in the microwave lab (near the center of the room), while the closed space was
figure 5.4 a 1.5m box. The open area yielded a symmetric radiation pattern, while the tight space yielded
a non symmetric radiation pattern. This is caused by the small space having more reflections from the
walls. For the open envrionment, the radiation pattern recorded a -3dB beamwidth of 60° and a directivity
index of 1.85dB. The narrowbanded data does not match the trend of low frequency radiation patterns.
Further investigation must be accomplished to determine the validity of this test equipment.


















(b) Small Space Radiation Pattern
Figure 5.7. 1kHz Radiation Pattern for GRS 3FR-4 Speaker
To solve the reflection issue, the recording must be windowed. The first reflection calculation correlates
to a time domain difference. Windowing the impulse response without the first reflection can resolve this
issue. Another way method involves moving the equipment to a larger room with acoustic foam treatment,
an acoustic anechoic chamber. Acoustic foam in a small space does help, figure 5.7, but does not eliminate
the problem. The foam is too thin and the space is too small for proper measurements.
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5.4 Frequency Response Measurement
This test chamber measures the on-axis frequency response and total harmonic distortion (THD) of
a speaker from 300Hz to 10kHz. To validate the system, data must be compared to industry standard
equipment. Recall the the on-axis frequency response plots the sound pressure level (SPL) vs. frequency;
THD plots the ratio of the harmonic frequency response and the fundamental vs. frequency. The GRS
3FR-4 speaker was tested at 0.4m away from the microphone in order to validate the DSP algorithm
used, figure 5.8. This input amplitude was changed in MATLAB using the variable A. Plots throughout
this section have the variable A varying from 0.5 - 2. This variable changes the amplitude of the input
stimulus. Table 5.2 correlates A to the power received by the speaker. This power calculation was done by
measuring the voltage across the speaker using a 1kHz varying amplitude sinusoid stimulus. The speaker
has a 4Ω impedance with a 10 Watt RMS max power rating. Furthermore, all spectrograms are plotted
in a logarithmic frequency scale.
Table 5.2. Power Input to Speaker Load





Figure 5.8. Speaker Test Configuration
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To characterize the on-axis frequency response of a speaker a logarithmic sine sweep technique, known
as Farina analysis, is used [23]. The input of the DUT, device under test, is a logarithmic sinusoidal chirp:
x(t ) = si n[ Tω1
ln(ω2ω1 )




Figure 5.9. Speaker Input
To extract the on-axis frequency response, or transfer function, of the speaker, a deconvolution is
performed. A deconvolution is the frequency domain output divided by the frequency domain input. If the
frequency domain input contains a zero, then the transfer function’s data goes to infinity; thus a bandpass
filter is used to suppress values that go to infinity. The microphone records the output of the speaker’s
signal and the input is the Farina chirp, therefore Y(f) and X(f) are known values.
Z ( f ) = 1
X ( f )
(5.2)
H( f ) = Y ( f )Z ( f ) (5.3)
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where H(f) is the transfer function, Y(f) is the recorded signal, and Z(f) is the inverse of X(f). This inverse









xi nv (t ) is the flipped x array. To obtain the transfer function, H(f), of the speaker, perform an FFT on
z(t) (the inverse input signal) and y(t) (the recorded signal from the microphone) and multiply the two
functions. Figures 5.10 - 5.17 shows the full work done in the project using the GRS 3FR-4 as the device
under test. Figure 5.10 is the time domain chirp recording from the microphone at 4 different amplitudes
from MATLAB. These recordings are converted to the frequency domain and into spectrograms.
























Figure 5.10. Speaker Time Domain Recording
Figure 5.11 is the microphone recording spectrogram of the maximum amplitude signal. The less intense
diagonal lines represent harmonic distortion components used to calculate total harmonic distortion. By
deconvolving the output with the input, or a convolution of the inverse filter and output, these diagonal
lines become straight lines due to a linear transformation [23]. This is shown in figure 5.12.
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Figure 5.11. Speaker Recording Max Amplitude A = 2 Spectrogram
Figure 5.12. Speaker Transfer Function Max Amplitude A = 2 Spectrogram
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Figure 5.13 shows the speaker’s impulse response; both the harmonic distortion components and
fundamental. The input amplitude is directly proportional to impulse response magnitude. When A = 2,
the impulse response magnitude is 2.33x greater than when A = 0.5. The largest impulse response spike is
the fundamental while the spike at around 1.5 seconds is the third harmonic, and the spike at around 1.25
seconds is the fifth harmonic. By performing an FFT on the total impulse response and referencing the
result to pr e f = 2∗10−5Pa, the SPL on-axis frequency response of the speaker is determined, figure 5.14.



































Figure 5.14. SPL (GRS 3FR-4 Speaker) Frequency Response with Distortion
The results from figure 5.14 show the speaker’s SPL vs. frequency. By windowing the impulse
response, figure 5.13, at the fundamental, and third harmonic, the fundamental frequency response and
total harmonic distortion, THD, are determined. Figure 5.16 showcases common trends in acoustics that
help verify the systems functionality. The SPL increases from 90.94dB to 97dB at 1kHz when A changes
from 0.5 to 1. A = 0.5 to 1 translates to a load input power of 1.19W to 4.75W, about 4x greater. Doubling
the input power causes a 3dB increase in measured SPL at the same distance, see figure 5.15. The input
power is 4x greater when the amplitude changes, and the SPL recorded is about 6dB greater, therefore
the trend is present in the data. Figure 5.17 illustrates the total harmonic distortion of the speaker. The
lower amplitude speaker tests yield a THD under five percent which indicates the speaker operates close
to linear. As the amplitude increases, the THD increases because clipping occurs. The data from these
graphs yield valid results, but must be verified with industry standard test equipment.
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Figure 5.17. THD (GRS 3FR-4 Speaker) Using the 3rd Harmonic
This method measures the on-axis frequency response of an acoustic device, and also measures the
attenuation of the lens. By measuring the frequency response of the speaker with and without the lens,
then taking the difference between these results, a dB attenuation specification is determined. Overall, this
method was implemented, but needs full validation.
To summarize, the test equipment measures the total harmonic distortion, on-axis frequency response
and acoustic radiation pattern for a speaker less than 3”. Each metric must be validated, but the results
of testing the GRS 3FR-4 look promising.
66
6 Further Simulation Work
Due to COVID-19, testing of the lens could not be performed. Thus, an extra section on simulation work
and future improvements toward the lens/lens implementation have been included. These simulations were
done at Jabil in San Jose. Although more simulations could not be done, simulations of improvements on
the lens were done and will be discussed.
6.1 Horn + Acoustic Lens
As seen in section 4, there is space between the front of the sound source and the lens. Thus placing
something between this space could yield better results. Combining the a horn and an acoustic lens to
further increase the directivity and create a narrowband directivity band was one idea. Although this report
mentions that the lens could be a replacement for a horn because it takes up less of a spatial footprint and
is lighter, it would be interesting to see the two concepts combine and the performance improvement.
An acoustic horn accomplishes two things in an acoustic system [24]:
1. Match a speaker driver’s impedance to air to improve efficiency.
2. Control radiation pattern.
Since the efficiency of the radiating speaker driver is improved due to the horn, the on-axis intensity
incident to the lens will cause for a higher focusing effect. This is shown in figure 6.1 and 6.2. The main
lobe is narrower for a sound source with a lens and horn compared to a sound source with only the lens.
Combining a horn and lens does improve the directivity index by about 1dB, table 6.1.
67

















Radiation Pattern With Horn and Lens
No Lens
W/ Lens
W/ Lens and Horn
Figure 6.2. Horn Combined with Lens Radiation Pattern
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Lens and Horn 7.95
Although there is a clear increase in directivity index and a narrower main lobe for the sound sources
radiation pattern, manufacturing and implementing the horn and lens can create challenges. The horn will
increase the weight of the overall system and limit the spatial footprint, meaning the lens’s position could
not be adjusted.
6.2 Tabs and Diffraction Limiting
The acoustic wave also diffracts around the lens. When an incident wave comes in contact with the
lens, the wave diffracts around the lens causing the sound to spread, figure 6.3. This diffraction problem
causes increased intensity in the side lobes rather than the main lobe.
Figure 6.3. Acoustic Diffraction Example [25]
To decrease the side lobe intensity and reduce the diffraction problems, tabs were implemented into the
lens. These tabs limit the diffraction and cause the wave to diffract in a different pattern, figure 6.4 and
6.5.
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Radiation Pattern With Lens and Tabs
No Lens
W/ Lens
W/ Lens and Tabs
Figure 6.5. Tabs with Lens Color Radiation Pattern
Figure 6.5 shows decreased sidelobes by 5dB with the presence of these tabs. This simple addition to the




To summarize the project, the tasks designated in the scope section must be reviewed. Tasks were
completed, but verification was not possible due to Covid-19:
Test Chamber:
1. Measure radiation patterns of speakers (300Hz - 3400kHz):
1kHz radiation patterns were measured for one speaker. The pattern was not confirmed by any other
test equipment, but data looked promising.
2. Measure on-axis frequency response (300 - 10kHz) of speakers:
Farina chirp method for extracting the frequency response of a speaker was implemented. The
frequency response transfer function curve needs to be validated, but the data looks promising.
GRIN Lens:
1. Achieve a 3dB increase in directivity index with the lens vs. without the lens from 1kHz - 3kHz:
Simulation results achieve this specification when the lens was 30cm away from the front edge of
the speaker at 2.3kHz. Index of refraction simulation shows the potential for a broadband lens, but
bandwidth radiation pattern simulations were not done. Experimental results were not measured.
2. Achieve a signal attenuation specification less than 10dB:
Specification could not be completed due to inaccessibility to use COMSOL during Spring quarter.
3. Achieve a focal length greater than 10.3cm:
Lens achieved a caculated focal length of 14.3cm.
4. Keep dimensions within the specified dimensions, figure 1.4
Lens fit within the dimensions, but the lens must be placed 30cm away from the speaker.
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(a) GRIN Lens (b) Acoustic Test Chamber
Figure 7.1. Project Flowcharts
Most milestones were achieved. The milestones that need work were testing related. These testing problems
stem from COVID-19 prohibiting access to the equipment. Simulation tools, scripts, and the test chamber
were completed. All scripts used throughout the project are on GitHub, but uploading simulation models
must be discussed with Jabil.
7.2 Results
The work summarized in this paper confirms that the acoustic GRIN lens focuses acoustic waves. The
tools created successfully aided the GRIN lens design. This device, simulated, increased the directivity
index by 3.4 dB which indicates a 15° narrower -3dB beamwidth. The distance from the speaker to the
lens poses a major problem. A horn can fit within this distance, as shown in section 6, but it defeats the
purpose of taking a small spatial footprint.
The device manufactured uses PETG plastic and the MakerGearM2 3D printer. The simple geometry
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and cheap material created a manufacturing cost of $23. The brittle outer rows could cause problems in
real world implementation.
Furthermore, the test chamber developed to aid the project yields promising results. The chamber
captures radiation patterns, on-axis frequency response measurements, and THD measurements. Measure-
ment accuracy requires further investigation. The test equipment is located in 20-116 for students to use
and improve if the project continues. Currently AES members benefit the most from this equipment and
this club is the intended group of students to use the equipment.
7.3 Future Work
To understand the lens’s focusing capabilities, real world experimental tests must be accomplished.
Testing the device on the test equipment and comparing the results to simulation would validate the
device and test equipment. Furthermore, the devices bandwidth and attenuation specification must be
simulated as well. The lens does need some optimization work to reduce the spatial footprint. Finally, a
qualitative study on the device may need to be performed. This means that the lens with a speaker should
be placed in a room with people. People should record if they hear a difference with and without the lens.
This study can further validate the lenses performance and use.
As for the test chamber, further testing of the setup must be done. Experimental results of the chamber
must be compared to industry standard results to ensure that the chamber tests acoustic devices correctly.
The on-axis frequency response, THD, and radiation patterns need to be recorded and compared with
industry standard equipment to validate the test chamber.
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A Appendix A: Acoustic Test Chamber Contributions
Figure A.1. Bill of Materials
Table A.1. Contributor List
Contributors Majors
Baylor Whitehead Computer Science
Alex Goldstein Electrical Engineering
Jackie Kimoto Electrical Engineering
Christopher Lim Electrical Engineering
Scott Finfer Mechanical Engineering
Christopher Chen Mechanical Engineering
Alejandro Quintero ITP
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B Appendix B: General Derivations
B.1 Speed of Sound Derivation
This derivation is adapted from [1]. B is bulk modulus ρi sdensi t y .
The first step is to use the ideal gas law:
PV = nRT (B.1)
For an adiabatic process, a process in which no heat is gained or lost by a system, pressure (P) as a function





If we break equation B.2 into the mean and total components, we can rewrite the equation:
P −Po = (∂P
∂ρ
)(ρ−ρo) (B.4)




Therefore, we can plug equation B.5 into B.4 to get:
P −Po = B (ρ−ρo)
ρo
(B.6)
Now consider that P −Po is a pressure value referenced to standard pressure. This value is denoted as





With this information the linearlized equation B.6 becomes:
p = B s (B.8)






Where u is the flow velocity of the fluid. Similar to the mean and total component process for equation
B.4, the same can be done with the continuity equation.
∂
∂t
(ρo +ρo s)+ ∂
∂x
(ρou +ρo su) = 0 (B.10)













Where DuDt represents a material derivative. This means that it is a derivative at a point moving with the
medium rather than a fixed point derivative. By repeating the same process and linearlizing the equation:






(Po +p) = 0 (B.13)























Finally, by multiplying the equation B.16 and subtracting the two equations, then substituting s = pB into






















This derivation shows the 1-D wave equation proves that the speed of sound is based on bulk modulus and
density.
B.2 Focal Point Derivation
To begin the derivation, The gradient index of refraction profile needs to be defined. For this project, and
most GRIN lens devices, the hyperbolic secant function is used.







By picking a profile for the GRIN medium, and using the ray equation, The beam trajectory equation can
be derived within the GRIN medium [15]. The following is the a Lagrangian that signifies Fresnel’s path




L(y, y ′; x)d x (B.22)
d s =
√
1+ (y ′)2 (B.23)
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By using Euler-Lagrange equations in terms of directional cosine, the beam trajectory equations can be













+ql ′ = 0 (B.25)
Where p, q, and l are cosine directional coordinate transformations with respect to y-, z- , and x-axes
respectively.
p = ncos(α) (B.26)
q = ncos(β) (B.27)
l = ncos(γ) (B.28)
If the gradient is only transverse, then the third optical direction cosine, l, is invariant along any ray within
the medium. Meaning the only important directional cosine coordinate transformation, for this case, is
l = ncos(γ), the rest are for when the medium has multiple areas of gradient and or the wave is oblique.
Using B.1 and B.2, and the directional cosine equation, the equation for dx/dy can be shown through
calculus of variations.
d x = lo√
n2 − l 2o
d y (B.29)
Where lo and n are the optical cosine constant and index of refraction, equation B.1, respectively. dx/dy
can be used to solve for x and y positions within the GRIN medium. It can be shown, although I haven’t
gone through the derivation fully for this part yet, that by substituting 1 into 8 the integral form of equation
8 can be used to solve for x. Take the integral with respect to yo and an arbitrary location y. yo is the






A2 − si nh2(αy)
d y (B.30)
u = si nh(αy) (B.31)
u̇ =αcosh(αy) (B.32)
A is a constant that is defined within [15]. For the sake of this derivation, it will cancel out later, but
essentially it comes from a different form of equation 1. If you would like to see the full derivation, I
can provide it, but for the sake of argument, it should cancel when deriving beam trajectory. Equation
9a can be solved with the aid of equation 9b u-substitution. The book [15] describes u as a coordinate
transformation variable from cartesian coordinate y into hyperbolic coordinate u. The solution to the






)− si n−1( uo
A
)] (B.33)
uo is coordinate transformation u at position y at x = 0. uo’ is the derivative of u with respect to y at y
when x=0. It is the initial condition that still needs to be understood. After a lengthy derivation, equation
10 can be put in terms of u(x). Through this derivation, term A cancels out. I can show the derivation if
needed and expand on this process more. I have the notes in my book.
u(x) = uocos(αx)+ u̇o si n(αx)
α
(B.34)
˙u(x) = uoαsi n(αx)+ u̇ocos(αx) (B.35)
And with equation 11a and 11b, the position and slope of the axial and field rays equation can be introduced.
These equations plot out the axial and field ray plots, these rays are defined in the glossary of terms.
Ha(x) = αxα H f (x) = cos(αx)
Ḣa = cos(αx) Ḣ f =−αsi n(αx)
(B.36)
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The matrix form of equation 11 and 12 can be shown in 13. This form will be used for MATLAB code and
ease of equation formatting. u(x)
˙u(x)
=
H f (x) Ha(x)




The terms in the 2x2 matrix are called the position and slope equations of the axial and field rays. By
substituting the solution to the matrix 13 into equation 9b and 9c, the equation for the y and y’ can be








15a is the beam trajectory equation while 15b is the slope of the beam trajectory equation. These equations
show the beam trajectory within the GRIN medium with respect to x. These two equations are then used









C Appendix C: Developed Code
Link to code repository containing:
1. Focal length scripts
2. COMSOL directivity plotting tools
3. Code for acoustic test equipment
https://github.com/chuluu/Acoustic_GRIN_Lens_CP_2020.git
81
D Appendix D: ABET
D.1 Summary of Functional Requirements
The device focuses acoustic waves in the human speech band (300 Hz - 3400 Hz) at low attenuation
levels.
D.2 Primary Constraints
The limiting factors are that low frequencies are difficult to control. When controlling low frequency,
space is needed which may hinder the ease of implementation so there must be a tradeoff made between
bandwidth/frequency vs. implementation. Testing this device is difficult because an Anechoic chamber is
not available at Cal Poly for acoustic testing. A test chamber has been built to test the lens, but validation
of the chamber has not been completed. Spatial constraints made the device difficult to approach. Since
the lens needs distance from the lens to the speaker, trade offs between distance from the speaker and the
focusing capabilities had to be made.
D.3 Economics
What economic impacts result?
• Human Capital – Workers on the project will simulate the material using FEA analysis, test the
device, debug the test setup, and manufacture the device. These skills require high knowledge of
acoustical and optical theory which may cost a lot.
• Financial Capital – Equipment to test the device, microphone and DAQ (Data acquisition system).
• Manufactured or Real Capital – The 3D printer and material used to print the device may take people
to oversee the parts and design. Furthermore 3D printers are not cheap and require maintanence if
prints begin to fail.
• Natural Capital – plastic or used to create the device will take natural resources.
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The product requires not inputs just an acoustic wave. The project will cost around $16,500 depending
on what equipment is owned. The test equipment was around $3,500. The labor is around $8,800, and
COMSOL and Ultimaker 3D printer would be around $7,020. The 3D printer and simulation software
were used at different companies in San Jose and the CPConnect funding paid for most of the equipment.
costs accrue when material needs to be purchased and lens manufacturing begins.
Bill of Materials:
Figure D.1. Bill of Materials
This project earns about $20 if the product is sold at $50. This project is mostly experimental, but
should be a low cost device compared to other directive speakers on the market.
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Timing: When do products emerge? How long do products exist? What maintenance or operation costs
exist?
Initial products emerge at the end of the project cycle. Once the design is finalized manufacturing
should begin within a year after the project ends. The products should exist for a long time unless the
material begins to deteriorate. This project uses no electronics, just materials. So unless the material
deteriorates or is harmful at some point in time, they should last. Maintenance and operation costs are
high. Since the if the product breaks, a replacement is needed, unless the device become modular.
Original estimated development time (as of the start of your project), as Gantt or Pert chart
5 months. As dictated by the Gantt Chart.
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(a) January - February
(b) February - March
(c) April - May
(d) May - June
Figure D.2. Gantt Chart
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Actual development time: Lens development took 5 months but has not been tested due to COVID-19.
What happens after the project ends? The project equipment will be with Dr. Arakaki and be used by
AES at Cal Poly. The lens design will be with Dr. Arakaki but further development is unknown.
D.4 Manufacturing
Estimated number of devices sold per year: Anywhere from 100 million packaged with smart speakers.
Estimated manufacturing cost for each device: Per device: $30
Estimated purchase price for each device: Per device: $50
Estimated profit per year: Per device: $20
Estimated cost for user to operate device, per unit time (specify time interval) This device doesn’t cost
the user operation fees. The only fees are if the device breaks.
D.5 Environmental
Describe any environmental impacts associated with manufacturing or use, explain where they occur and
quantify.
Using plastic will impact the environment. Unused devices will damage the environment if not properly
recycled. If 5% of devices manufactured are not to specification, then wasted material may impact the
environment as well. The goal is to correctly recycle the material.
Which natural resources and ecosystem services does the project use directly and indirectly?
Natural resource is PETG plastic. The project will directly use these materials. Indirectly, wood and
metals are used to help test the device. Electricity is used to power the test equipment. 3D printers are
used to manufacture the device which also harm the environment indirectly.
Which natural resources and ecosystem services does the project improve or harm? If not made correctly
or recycled, plastic could harm the environment and the ecosystem.
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How does the project impact other species? Again, if recycling is not done correctly, excess, or wasted
material, could be thrown into a landfill; other species have to live with this garbage. These species may
eat the material on accident which could kill or damage them.
D.6 Manufacturability
Currently, 3D printing is used for prototyping, so scaling it to full manufacturing may pose challenges
when changing our processes. Costs may be higher than expected with full scale manufacturing depending
on the market and the amount of units sold. Moving from 3D printing to possibly milling or laser extrusion
may cost a lot and be hard to implement. Tolerance issues and lens height is a problem. Since some of the
rows in the lens are thin, these parts of the lens are brittle and could snap easily.
D.7 Sustainability
Describe any issues or challenges associated with maintaining the completed device, or system.
If the device breaks, then repairs cannot fully be done. This lens has plastic rods that could be replaced
if done properly. This design takes replacement into consideration but is not fully implemented.
Describe how the project impacts the sustainable use of resources.
Broken unit can be scrapped for raw materials to be used in future products. Since PETG is the only
material, extracting this material should prove some sustainability.
Describe any upgrades that would improve the design of the project.
Modular design would help the project a lot. By having a modular design, a new frequency range could
be achieved and fixing the device may be easier than just replacing the whole device. This modular design
has not been implemented.
Describe any issues or challenges associated with upgrading the design.
Modular design means lots of testing to see how it would work. By creating the device as one part,
there is less room for error. Implementing a modular design means room for error from problems that are




Design Implications of the project:
The design of what frequencies band could affect people’s health. The IEEE code of ethics states that
one should avoid injuring others. If this device focuses painful frequencies for the human ear, then this
could cause pain for the listener which is ethically immoral. The goal is to be conscious of the frequency
bands and human hearing to improve the listening experience.
Manufacturing Implications of the project:
The product may take a lot of material, power, and labor to manufacture. If these materials are not
recycled or handled well, then that could affect the environment. If workers are mistreated or underpaid
while manufacturing the device for cheap, then this could impact families and people ethically. This falls
under the rights and duties framework where people have their rights, and if the pay of the workers is
below standards, then this is a direct violation of their rights.
Misuse of the project:
The design could be used to improve sonar communication. This device could then be used in submarines
for war which is not the intended use. The technology itself could be used in acoustic/light cloaking which
the government and military may misuse. This can fall under utilitarianism in terms of how to analyze the
product ethically. If this product benefits more people than it harms people due to military implications,
then this could be beneficial and ethically right. But if this technology brings about more pain and suffering,
than it is not worth it to pursue and publish.
D.9 Health and Safety
If the device was fully manufactured, then laser cutting and milling will be used. These tools could be
dangerous which can affect the health and safety of the workers creating the device. Also, if the device
performs well, at certain frequencies, people may not know what is going on and that may sound off to
them. Just like active noise cancellation sounds “weird” to people, this device may cause the same problems.
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This can be a hearing health concern to people who are using hearing aids. The user with hearing aids
may think their hearing aid is broken.
D.10 Social and Political
Describe social and political issues associated with design, manufacture, and use.
The political issue is if this technology can be used in the military. Since this device benefits sonar
communication and cloaking devices, the military can misuse the product. As mentioned in the ethical
implications, social issues may arise with works and manufacturing conditions if done poorly.
Who does the project impact? Who are the direct and indirect stakeholders?
The project will impact the speaker market and museum owners. These two groups are the main
audience. Indirectly consumers who want to visit museums are affect as well.
How does the project benefit or harm various stakeholders?
The project should harm the stakeholders if the device’s core technology does not work. This device’s
concept needs testing. If this product is not fully validated, then stakeholders will be harmed. But if it
works, the stakeholders could benefit with a new concept that could be integrated into future designs.
D.11 Development
The gradient index of refraction technique is a new branch of acoustic metamaterials, past 2009. This is
an unexplored area that may need research. Gradient index of refraction technology has been popularized
by Duke University [7]. Metamaterials, in acoustics, are mainly in the research and development stage.
Many companies and products have not adopted the technology yet due to its lack of testing. The core tools
to develop the lens were MATLAB, and COMSOL Multiphysics. The literature research to accomplish
this project was done using google scholars and knowledge from people in the acoustics industy. Dave
Logan, an acoustics engineer at Jabil, taught me basic acoustics knowledge and gave me references needed
to complete this project.The techniques in developing this lens that was learned independently, outside of
the EE curriculum, were:
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• Basic acoustic theory [1], [8]
• Mechanics of materials [11]
• GRIN theory [15]
• Optics theory
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